This paper reports the result of our evaluation of the tenth-order QED correction to the lepton g −2 from Feynman diagrams which have sixth-order light-by-light-scattering subdiagrams, none of whose vertices couple to the external magnetic field. The gauge-invariant set of these diagrams, called Set II(e), consists of 180 vertex diagrams. In the case of the electron g − 2 (a e ), where the light-by-light subdiagram consists of the electron loop, the contribution to a e is found to be −1.344 9 (10) (α/π) 5 . The contribution of the muon loop to a e is −0.000 465 (4) (α/π) 5 . The contribution of the tau-lepton loop is about two orders of magnitudes smaller than that of the muon loop and hence negligible. The sum of all of these contributions to a e is −1.345 (1) (α/π) 5 .
I. INTRODUCTION
The anomalous magnetic moment g − 2 of the electron has provided the most stringent test of the validity of quantum electrodynamics, QED. The experimental value with the least uncertainty is the one obtained by the Harvard group in 2008 (a ≡
) [1] a e (HV08) = 1 159 652 180.73 (28) × 10 −12 .
To confront the prediction of the standard model with this measurement the hadronic contribution up to the order α 3 [2] [3] [4] [5] [6] [7] [8] [9] , the electroweak contribution up to the two-loop order [10] [11] [12] , and the QED radiative correction up to the eighth order must be taken into account [13] [14] [15] . In order to match or exceed further improvement in the accuracy of the experimental value, it is necessary to evaluate the tenth-order QED radiative correction to g − 2.
To meet this challenge we launched several years ago the project to compute all 12672 Feynman diagrams that contribute to the tenth-order a e [16, 17] .
The most difficult to evaluate is the gauge-invariant set, called Set V, which consists of 6354 diagrams that have no virtual lepton loop. To deal with this set systematically we have developed an automatic code-generating algorithm gencodeN [16, 18] . We now have fortran codes for all diagrams of Set V generated by gencodeN. Numerical evaluation of these integrals is in progress at present.
Meanwhile, we have also made steady progress in the evaluation of other types of tenthorder diagrams, and have published some of the results [17, 19, 20] . At the tenth order there appear five gauge-invariant sets of diagrams, called Set I(j), Set II(e), Set II(f), Set III(c),
and Set VI(j), which contain light-by-light-scattering subdiagram(s) internally, i.e., none of whose vertices is the external vertex [16, 17] . (See Fig. 1 .)
Feynman diagrams containing a light-by-light-scattering subdiagram internally appear for the first time in the eighth-order QED correction to the lepton g −2. The diagrams of Set I(j) are those involving two fourth-order light-by-light-scattering subdiagrams, both internal, which have been evaluated and published recently [19] Set VI(j) contain two light-by-light-scattering subdiagrams, one of which is internal, while the other is external. The numerical result of the Set VI(j) was published in Ref. [17] .
The diagrams of Set II(e) are obtained by attaching both ends of a virtual photon line to the lepton loop of the individual diagrams of Fig. 2 in all possible ways, forming the sixth-order internal light-by-light-scattering subdiagram. This paper reports the result of our work on Set II(e), which consists of 180 Feynman vertex diagrams.
The paper is organized as follows. Section II describes the strategy we have adopted for the numerical study. The renormalization is set up so that ultraviolet divergences can be subtracted away without introducing spurious infrared divergence. Section III gives the results of our numerical work which covers the contributions of all diagrams of Set II(e) to a e and a µ . Section IV is devoted to the discussion and summary.
II. COMPUTATIONAL PROCEDURE
This section describes the strategy for computing the diagrams of Set II(e). We denote the contribution of Set II(e) to the magnetic moment of the lepton l induced by the virtual loop of lepton l ′ as where the lower case "a" includes the factor and the introduction of a virtual photon line which connects these vertices produces the tenth-order diagram called A47. Representative diagrams of Set II(e) are shown in Figure 3 .
The charge conjugation and time reversal symmetries of QED help us to reduce the number of independent amplitudes. For instance, A67 gives the same contribution to g −2 as A47.
Recall also that the diagram in which the lepton loop runs in the opposite direction gives the same contribution as the original one. In this way, we obtain a complete set of independent diagrams:
where the number in the brackets accounts for the symmetry factor for each diagram as well as the doubling due to two directions that a lepton loop takes.
Thus far no one has succeeded in evaluating the diagrams of Set II(e) analytically. We resort to the numerical means utilizing the parametric integral formulation [16, 18, 22, 23] .
The evaluation of g−2 can be simplified significantly by focusing on the quantity associated with the self-energy diagram Gij, such as the magnetic moment amplitude M Gij , using the Ward-Takahashi identity which relates the regularized self-energy function Σ Gij (p) of the diagram Gij to the sum Λ Gij (p, q) of the contributions from the regularized vertex diagrams obtained by inserting a QED vertex into Gij in all possible ways [24] .
The next step is to renormalize the integrals on the computer, which we carry out by subtractive renormalization. Since the bare amplitudes of individual diagrams have different structures of UV singularities, the numerical subtraction of UV singularities must be carried out for each diagram separately. Our aim is to construct subtraction terms that (i) share the same UV singularity as the integrand of the bare amplitude in the common Feynman parameter space, and (ii) do not introduce spurious IR singularities. The second point is not a trivial requirement. For instance, the usual on-shell secondorder vertex renormalization constant contains an IR divergence. In general the subtraction term constructed under the usual on-shell renormalization condition introduces an IR singularity that is not present in the bare amplitude. To avoid this problem we perform the renormalization in two steps. The first step is to construct the UV-finite amplitude ∆M Gij in which only the UV-divergent part of the corresponding on-shell vertex (or self-energy) term is subtracted, leaving out the UV-finite piece unsubtracted. We call this step an intermediate renormalization. The second step is to carry out the finite residual renormalization to account for the difference between the intermediate renormalization and the usual on-shell renormalization. The IR-divergent parts of the usual on-shell renormalization constants appear in the second step but cancel out when summed over the entire gauge-invariant set.
The subtraction terms of ∆M Gij are constructed as follows. The UV singularities associated with the second-order vertex and self-energy subdiagrams are subtracted via Koperation, retaining the Feynman cut-off until UV divergences cancel out by renormalization [23] . The UV singularities of the light-by-light-scattering (l-l) loops are subtracted while maintaining the Pauli-Villars regularization in order to avoid dealing with divergent hence undefined quantities. The Pauli-Villars mass is sent to infinity only after renormalization is carried out. Note that not only the usual on-shell renormalization but also the intermediate renormalization are defined on the mass-shell insofar as it is IR-safe. To avoid confusion let us call the usual on-shell renormalization as the full renormalization henceforth.
Let us illustrate our renormalization procedure taking A47 of Fig. 3 as an example.
A47 has four UV-divergent subdiagrams which can be identified by the sets of lepton lines involved:
Both subdiagrams S 1 and S 2 are the eighth-order vertex subdiagrams, S 3 is the sixth-order l-l subdiagram, and S 4 is the second-order vertex subdiagram. Each UV subtraction term of ∆M Gij is associated with a Zimmermann's forest. A47 has 11 normal forests. Let C S denote the operator which extracts the full renormalization constant of the subset S from M Gij , and let K S denote the operator which extracts the UV singularity of the subset S by the intermediate renormalization defined by the K operation, respectively. Then the UV-finite quantity ∆M A47 is defined by
Expression of ∆M Gij for other Gij in Eq. (3) can be written down similarly.
It is by definition that all subtraction terms on the right-hand side of Eq. (5) are factorizable. For instance, the operator C S 1 acting on M A47 produces the product of L S 1 and
where L S 1 is the full eighth-order vertex renormalization constant of the diagram that contains the sixth-order light-by-light-scattering subdiagram, and M 2 = a 2 = The K-operator, K S 4 , acts on the regularized integrand J(z) of M A47 directly and produces a function J S 4 (z) that possesses the same UV singularity associated with the subdiagram S 4 as J(z). By definition K-operation also has the factorization property. For instance, the operator K S 4 acting on the regularized M A47 produces the factorized result
where L UV 2
is the UV-divergent part of the regularized second-order on-shell vertex renormalization constant L 2 and does not include the IR-divergent part of L 2 [23] . M 8A denotes the amplitude of the magnetic moment from the eighth-order diagram A of Fig. 2 . The regularization mass must be sent to infinity after
and L 2 is accounted for at the stage of the residual renormalization.
The subtraction term C S 3 M A47 can be written (somewhat) symbolically as
Here Π is a short-hand form of the sixth-order l-l subdiagram defined by
where k a , etc., are the momenta carried by the photon line a, etc., and M 4 is obtained from M A47 by shrinking the l-l loop of S 3 to a point. The UV divergence of M A47 arising from the subdiagram S 3 is cancelled by the term C S 3 M A47 of Eq. (5), which results in full renormalization of the S 3 divergence. Actually, M A47 contains another UV divergence arising from S 4 which we subtract by the operator K S 4 . The complete removal of UV divergences arising from S 3 and S 4 is achieved by the combination
When the contributions of all diagrams of Set II(e) listed in Eq. (3) are put together, Π(0, 0, 0, 0) from all diagrams cancel out and we obtain a simple result
Now, at last, we can send the regulator mass to infinity. B 2 is the full second-order wave function renormalization constant and B is finite but not zero. See Ref. [24] for the exact definitions of B UV 2 and L UV 2 .) Eq. (11) shows that the residual renormalization term is proportional to the eighth-order contribution A l (LL8, l ′ ) to the anomalous magnetic moment of the lepton l from the diagrams of Fig. 2 , in which loops are given by lepton l ′ .
The numerical study in Ref. [25] has provided an accurate value for the mass-independent contribution A e (LL8, e)
A e (LL8, e) = −0.990 72 (10) .
In addition the paper [25] reports the electron-loop contribution to a µ A µ (LL8, e) = −4.432 43 (58) .
We have also evaluated the muon loop contribution A e (LL8, µ) to the electron g −2, and the tau-lepton loop contribution A µ (LL8, τ ) to the muon g−2 needed for this work A e (LL8, µ) = −0.000 177 8 (12), (14) A µ (LL8, τ ) = −0.015 868 (37).
The remaining task is to evaluate every ∆M Gij in various combination of the external and internal leptons.
III. NUMERICAL RESULTS OF ∆M Gij
fortran codes for ∆M Gij are rather complicated and not easy to obtain. In order to facilitate this problem we adapted the automating code gencodeN specifically for the Set II(e) which generates the integrands of ∆M Gij as fortran-formatted source programs.
(See Refs. [16, 18] for the details of automation.) Two independent sets of automating codes together with another set of manually-produced codes were constructed to confirm their validity.
The integral for the diagram Gii, i.e, the one containing the second-order self-energy subdiagram, was found to exhibit worse convergence than the others. In order to alleviate this problem, we modify the integrand in the following way. For instance, in the diagram A44 in Fig. 3 , which contains a second-order self-energy subdiagram, the integrand of ∆M Gij depends on the Feynman parameters z 4 , z 8 only through the combination z 48 ≡ (z 4 + z 8 ).
Thus, the number of independent variables is reduced from 12 to 11. This seems to improve somewhat the convergence of iteration procedure.
The integration of ∆M Gij is carried out with the help of the adaptive-iterative MonteCarlo integration routine VEGAS [26] on the massively parallel computer, RIKEN Integrated
Cluster of Clusters (RICC). The number of sampling points for each iteration is 10 8 for all diagrams with the second-order self-energy subdiagrams and 2 × 10 8 for all others. The results of numerical integration of ∆M Gij for the mass-independent contribution to the lepton g−2 are presented in Table I . Following Eq. (11) the last line of Table I together with the value (12) for A e (LL8, e) yields the mass-independent contribution to g −2 from
Set II(e) diagrams
where l = e, µ, or τ . Recall that the actual contribution to g−2, a e (II(e), e), is A e (II(e), e) times the factor α π 5 .
The electron g −2 also receives the Set II(e) contribution induced by the virtual muon loop. To see its numerical significance, the computation of ∆M Gij for the muon loop is explicitly performed. The results are shown in Table II . Putting together the last line of this table and the value (14) of A e (LL8, µ) we obtain the muon loop contribution to the electron g−2 from Set II(e) diagrams A e (II(e), µ) = −0.000 465 (4).
The size of this contribution is less than the numerical uncertainty of the electron-loop contribution A e (II(e), e) given in Eq. (16) . Since the tau-lepton loop contribution is expected to be about two-orders of magnitudes smaller than the muon loop contribution and hence negligible, we present the sum of Eqs. (16) and (17) as our current best value for the contribution to the electron g−2 from Set II(e) diagrams a e (II(e)) = −1.345
B. muon g−2
The main contribution of Set II(e) to the muon g −2 arises from the diagrams each of which is induced by an electron loop. We present the numerical result of ∆M Gij for the electron-loop contribution in Table III . This table shows that the sum of ∆M Gij is an order of magnitude larger than that of the mass-independent ∆M Gij in Table I Thus the electron-loop contribution A µ (II(e), e) is not much larger than the muon loop contribution A µ (II(e), µ) of Eq. (16) . Since the sign of A µ (II(e), e) is opposite to that of A µ (II(e), µ), we are curious about the role that the tau-lepton contribution A µ (II(e), τ ) might play. Table IV shows the result of ∆M Gij for the Set II(e) contribution to the muon g−2
induced by the tau-lepton loop. Equation (11), together with the value (15) of A µ (LL8, τ ),
gives
A µ (II(e), τ ) = −0.038 06 (13) ,
which is two orders of magnitude smaller than A µ (II(e), e) or A µ (II(e), µ). Summing up Eqs. (19) , (16) and (20), the Set II(e) contribution to the muon g−2 is found to be The Set II(e) contribution to the electron g − 2 is obtained by evaluating the electron and muon virtual effects. The result is given in Eq. (18) . The size is of the typical order of magnitude for the tenth-order. The numerical computation was carried out as accurately as possible with the available computer resources.
The contribution to the muon g − 2 is obtained by evaluating the virtual effects of all leptons. The result is given in Eq. (21) . The contribution of the electron loop to the muon g−2 is not much larger than the muon loop contribution.
We found that A µ (II(e), e) in Eq. (19) involves partial cancellation between the sum of ∆M Gij over all Gij in Set II(e) and the residual renormalization term in Eq. (11) . In spite of these problems we were able to obtain the result for a µ (II(e)) with the uncertainty less than 1% using the high performance computer system, RICC.
